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Abstract
In this paper we are mainly concerned with TW -domains, i.e., domains in which the w- and
t-operations coincide. Precisely, we investigate possible connections with related well-known
classes. We characterize the TW -property in terms of divisoriality for Mori domains and Noethe-
rian domains. Speci5cally, we prove that a Mori domain R is a TW -domain if and only if RM is
a divisorial domain for each t-maximal ideal M of R. It turns out that a Mori domain which is a
TW -domain is a Strong Mori domain. The last section examines the transfer of the “TW -domain”
and “Strong Mori” properties to pullbacks, in order to provide some original examples.
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0. Introduction
All rings considered in this paper are integral domains. Let R be an integral domain
with quotient 5eld K . Let F(R) denote the set of nonzero fractional ideals of R and
f(R) denote the subset of 5nitely generated members of F(R). A ∗-operation ∗ on R
is said to be of 5nite character if I∗=
⋃{J ∗=J ⊆ I with J ∈f(R)}, for each I ∈F(R).
For any ∗-operation ∗, we associate a ∗-operation of 5nite character ∗s de5ned by
I∗s =
⋃{J ∗=J ∈f(R) with J ⊆ I}. Clearly, I∗ = I∗s , for each I ∈f(R). A fractional
ideal I is called a ∗-ideal if I = I∗.
We recall that the function on F(R) de5ned by I → (I−1)−1 = Iv is a ∗-operation on
R called the v-operation. The t-operation on R is given by t=vs. The w-operation on R
is de5ned by Iw={x∈K=∃ a f.g. ideal A such that Av=R and xA ⊆ I}. In [13], Houston
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and Zafrullah studied TV -domains (i.e., domains in which the t- and v-operations are
the same). Their study was motivated by [11], where Heinzer was concerned with
divisorial domains (i.e., domains in which each nonzero ideal is divisorial). This leads
us to introduce and study the notion of TW -domain, i.e., a domain in which the w-
and t-operations coincide. Recall for convenience that, for each ideal I of a domain R,
I ⊆ Iw ⊆ It ⊆ Iv.
A domain R is said to be a Mori domain if it satis5es the ascending chain condition
on integral v-ideals (i.e., a v-Noetherian domain). An ideal J of R is called a GV -ideal
if J is 5nitely generated and J−1 = R. Let GV (R) denote the set of GV -ideals of R.
A torsion-free module M is called a w-module if whenever Jx ⊆ M , J ∈GV (R), and
x∈M ⊗K , then x∈M . A Strong Mori module is a w-module for which the ascending
chain condition on w-submodules holds. We say that R is a Strong Mori domain if it
is a Strong Mori R-module. This class forms a proper subclass of Mori domains.
In this paper we are concerned with TW -domains as well as with related classes of
domains such as v-coherent, Mori, Strong Mori and Noetherian domains. Particularly,
we investigate possible connections between these classes. Section 1 investigates the
w-operation and establishes results for Strong Mori domains. Section 2 is devoted to
the study of TW -domains. Here one of our main results characterizes the TW -property
for Mori and Noetherian domains in terms of divisoriality. Speci5cally, we prove that
a Mori domain R is a TW -domain if and only if RM is a divisorial domain, for each
t-maximal ideal M of R. It turns out that a Mori domain which is a TW -domain is
a Strong Mori domain. This section closes with examples showing that the TW - and
TV -properties are independent of each other. Section 3 examines the transfer of the
TW -domain and Strong Mori notions to pullbacks, in order to provide some original
examples. Namely, we give an answer to one problem cited in the list of one hundred
problems by Chapman and Glaz (see [4, Problem 15, p. 461]), by constructing an
example of a Strong Mori domain that are neither Noetherian nor Krull. Also, we give
examples of Strongly Mori domains (i.e., Mori domains with no v-invertible maximal
divisorial ideals) that are not Strong Mori.
Throughout this paper, we shall use the notations w1 (resp. t1, resp. v1) to de-
note the w- (resp. t-, resp. v-)operation with respect to T whenever T is an overring
of R.
1. Preliminaries
The next lemma collects some results providing some background for the sequel.
Recently, the assertions (2) and (3) appeared in [6], the proofs are however being
included for the reader’s convenience.
Lemma 1.1. (1) The function w :F(R) → F(R) de/ned by Iw = {x∈K=∃A∈GV (R)
such that xA ⊆ I} is a ∗-operation on R of /nite character [10; Proposition 3.2].
(2) For each ideal I of R, Iw ⊆ It and, Iw = R if and only if It = R (cf. [6]).
(3) w −Max(R) = t −Max(R) (cf. [6]).
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Proof. (1) Let I be a nonzero ideal of R and let x∈ Iw. Then there is A∈GV (R) such
that xA ⊆ I . Hence xR=xAv=xAt ⊆ It . So x∈ It and therefore Iw ⊆ It . Now; it is clear
that if Iw = R; then It = R. Assume that It = R. Then there is a 5nitely generated ideal
J of R such that J ⊆ I and 1∈ Jv. Hence Jv=R. So J−1 =R and therefore J ∈GV (R).
Since J ⊆ I ; then 1∈ Iw. Hence Iw = R.
(2) It is clear that t −Max(R) ⊆ w −Max(R). Conversely, let M be a w-maximal
ideal. By (1), Mt ⊂ R. Since Mt is a w-ideal (since it is a t-ideal), by w-maximality,
M =Mt . Hence M is a t-ideal of R. So M is contained in a t-maximal ideal Q of R.
Since Q is also a w-maximal ideal, then M = Q. Hence w −Max(R) ⊆ t −Max(R).
The next proposition shows that the inclusions I ⊆ Iw ⊆ It ⊆ Iv may be strict.
Proposition 1.2. Let R be a locally GCD non-PVMD with at least one pair of v-
coprime elements that are not comaximal. Then there exists an ideal A of R such
that A ⊂ Aw ⊂ At ⊂ Av ⊂ R.
Proof. Take D any locally GCD non-PVMD; then R=D[X ] has the property required
in the hypothesis. Being a locally GCD domain; R is essential and so; integrally closed
and being a non-PVMD; R contains a pair of nonzero elements a; b such that (a; b)w ⊂
(a; b)t . Then ((a; b)(aR ∩ bR))w = abR =((a; b)(aR ∩ bR))t . Since R is an essential
domain; then ((a; b)(aR∩bR))v=abR (see [18]). Now; let us put A=((a; b)(aR∩bR))
and show that Aw ⊂ At . Suppose that this is not the case; then Aw = At . So for each
maximal t-ideal M of R; ARM = AwRM = AtRM which gives ((a; b)(aR ∩ bR))RM =
((a; b)(aR ∩ bR))tRM ⊇ ((a; b)t(aR ∩ bR))RM . Since RM is a GCD domain; we have
(a; b)RM ⊇ (a; b)tRM ; which means that (a; b)RM = (a; b)tRM ; which in turn leads to
(a; b)w = (a; b)t . So Aw ⊂ At ⊂ abR = Av ⊂ R. Now; as R has a pair of v-coprime
elements that are not comaximal; not every maximal ideal of R is a t-ideal. So there is
at least one maximal ideal M such that Mt = R. But this means that there is a 5nitely
generated ideal F ⊆ M such that Fw = Ft = Fv = R. We claim that B = AF is the
required ideal. This is because B∗ = (FA)∗ = (F∗A)∗ = A∗ for ∗ = w; t; or v. Clearly
B ⊂ Bw ⊂ Bt ⊂ Bv ⊂ R; as desired.
Proposition 1.3. Let R be a domain. The w-operation is trivial under either of the
following two conditions.
(1) For each maximal ideal M of R, M−1 ⊃ R.
(2) Each maximal ideal of R is a t-maximal ideal (in particular, if dimR= 1).
Proof. (1) Let I be a nonzero ideal of R and let x∈ Iw. Then there is A∈GV (R) such
that xA ⊆ I . Since A−1 = R and M−1 ⊃ R for each maximal ideal M of R; then A is
contained in no maximal ideal of R. Hence A= R and therefore x∈ I . So Iw = I .
(2) Let I , x and A be as in (1). If A ⊂ R, then there is a maximal ideal M of R
such that A ⊆ M . By (2), M =Mt . Hence R=Av =At ⊆ Mt =M , which is absurd. So
A= R and therefore x∈ I . Hence Iw = I .
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Corollary 1.4 (cf. Fanggui, McCasland [7, Corollary 1.10]). Let R be a Strong Mori
domain. If each maximal ideal is a t-ideal (in particular; if dimR = 1); then R is
Noetherian.
It is well known that if R is a Mori domain and I is an ideal of R such that I−1
is a ring, then I−1 is also a Mori domain (cf. [17, p. 11]; [2, Corollary 11]; [14,
Proposition 2.2]). The following proposition shows that this is also true in the case of
Strong Mori domains.
Proposition 1.5. Let R be a Strong Mori domain and I an ideal of R such that I−1
is a ring. Then I−1 is a Strong Mori domain.
Proof. Let I be an ideal of R such that I−1 is a ring. By [14; Proposition 2.2];
I−1 = (Iv : Iv) = (II−1)−1. Let a be a nonzero element of I . Let J be a w-ideal of
I−1 and L = aJ . Then; for each x∈Lw; there is A∈GV (R) such that xA ⊆ L. So
xa−1A ⊆ J . Now; (I−1 :AI−1) = (R :AII−1) = ((R :A) : II−1) = (R : II−1) = I−1. Then
AI−1 ∈GV (I−1). Hence xa−1 ∈ Jw=J . So x∈ aJ =L. Hence L is a w-ideal of R. Now;
if J1 ⊆ · · · ⊆ Jr ⊆ · · · is a chain of w-ideals of I−1; then L1 ⊆ · · · ⊆ Lr ⊆ · · · is a
chain of w-ideals of R where Li = aJi. Hence; it stabilizes and therefore the 5rst chain
stabilizes. It follows that I−1 is a Strong Mori domain.
Remark 1.6. (1) Similar arguments yield a more general result; namely; let R be
a Strong Mori domain and T a t-linked overring of R (i.e.; for each A∈GV (R);
AT ∈GV (T ), [5]). If the conductor (R :T ) is nonzero; then T is a Strong Mori domain.
(2) If T is a fractional w-overring of R, then T is t-linked over R and there-
fore a Strong Mori domain. Indeed, let A∈GV (R). If (AT )w1 ⊂ T , where w1 is the
w-operation with respect to T , then (AT )w1 ⊆ Q for some w-maximal ideal Q of T .
By [7, Lemma 3.1], R= Aw ⊆ (Q ∩ R)w =Q ∩ R, which is absurd. Hence (AT )w1 = T .
By Lemma 1.1.(2), (AT )t1 = T . So AT ∈GV (T ) and therefore T is t-linked over R.
By (1), T is a Strong Mori domain.
2. TW -domains
De#nition 2.1. A domain R is said to be a TW -domain if the w- and t-operations on
R are the same; that is; for each (integral) ideal I of R; Iw = It .
We recall that an ideal I of a domain R is said to be v-5nite if Iv = Jv for some
5nitely generated ideal J of R, and a domain R is v-coherent if I−1 is v-5nite for each
5nitely generated ideal I of R. Mori domains, PVMDs and (quasi)coherent domains
are all v-coherent. Our next result deals with the stability of “TW -domain” property
by localization.
Theorem 2.2. Let R be a v-coherent domain. The following conditions are equivalent:
(i) R is a TW -domain.
(ii) RS is a TW -domain for each multiplicative set S of R.
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(iii) RP is a TW -domain for each prime ideal P of R.
(iv) RP is a TW -domain for each t-prime ideal P of R.
(v) RM is a TW -domain for each t-maximal ideal M of R.
Proof. (i)⇒ (ii): Let S be a multiplicative set of R; I a nonzero ideal of RS and x∈ It1 .
Then there is a f.g. ideal J of RS with J ⊆ I such that x∈ Jv1 ; i.e. x(RS : J ) ⊆ RS . Set
J = ARS for some f.g. ideal A of R. Then xA−1 ⊆ xA−1RS = x(ARS)−1 = xJ−1 ⊆ RS .
Since R is v-coherent; then A−1=Bv for some f.g. ideal B of R. Then xB ⊆ xBv=xA−1 ⊆
RS . Since B is f.g.; then sxB ⊆ R for some s∈ S. So sx∈B−1 = (Bv)−1 =Av=At =Aw;
by (i). Then; there is F ∈GV (R) such that sxF ⊆ A. So xFRS = sxFRS ⊆ ARS = J ⊆ I .
Since FRS ∈GV (RS); then x∈ Iw1 . Hence It1 = Iw1 and therefore RS is a TW -domain.
(ii)⇒ (iii)⇒ (iv)⇒ (v): Trivial.
(v) ⇒ (i): Let I be a nonzero ideal of R and x∈ It . Then x∈ Jv for some f.g.
subideal J of I . Since Iw =
⋂
IRM where M ranges over the set of t-maximal ideals
of R, then it suLces to show that x∈ IRM for each t-maximal ideal M . Let M be
a t-maximal ideal of R. If I * M , then x∈RM = IRM . Assume that I ⊆ M . Since
x(R : J ) ⊆ R, then x(RM : JRM )=x(R : J )RM ⊆ RM . So x∈ (JRM )v1 =(JRM )t1 =(JRM )w1
by v). Then there is F ∈GV (RM ) such that xF ⊆ JRM . Set F = ARM for some f.g.
ideal A of R. We claim that F = RM . If not, then A ⊆ M . So Av = At ⊆ Mt = M .
Since R is v-coherent, then A−1 = Bv for some f.g. (fractional) ideal B of R. Now,
A−1RM =(ARM )−1 =F−1 =RM . Also (BRM )−1 =B−1RM =(Bv)−1RM =AvRM ⊆ MRM .
But BRM ⊆ BvRM = A−1RM = RM implies that RM ⊆ (BRM )−1 ⊆ MRM , which is
absurd. So F = RM and therefore x∈ JRM ⊆ IRM . Hence x∈ Iw. It follows that R is a
TW -domain.
The following result shows that the “TW -domain” property transfers from R to a
particular type of overring.
Recall that an ideal I of R is said to be SV -stable if I is invertible in the ring (I : I).
Proposition 2.3. Let R be a domain and M a maximal ideal of R which is SV -stable.
If R is a TW -domain; then so is (M :M).
Proof. Since M is SV -stable; then M is invertible as an ideal of (M :M). If MM−1=R
or Mv=R; then (M :M)=R. So we may assume that M =MM−1=Mv. Set T =M−1=
(M :M). Let I be a nonzero ideal of T and x∈ It1 . Then x∈ Jv1 for some f.g. subideal
J of I . So x(R : JM) = x((R :M) : J ) = x(T : J ) ⊆ T . Hence xM (R : JM) ⊆ M and
therefore xM ⊆ (JM)v. Then xT = xM (T :M) ⊆ (JM)v(T :M) ⊆ ((JM)v(T :M))v =
(JM (T :M))v = Jv. So x∈ Jv. Set J =
∑i=r
i=1 aiT and let A=
∑i=r
i=1 aiR. Then (R : J ) =
(R :AT )= (R :AM−1)= ((R :M−1) :A)= (Mv :A)= (M :A). Now; either AA−1 ⊆ M or
AA−1 +M = R.
If AA−1 ⊆ M , then A−1 = (M :A) = (R : J ). So x∈ Jv = Av = At = Aw. Then there is
B∈GV (R) such that xB ⊆ A. Hence xBT ⊆ AT = J ⊆ I and therefore x∈ Iw1 , since
BT ∈GV (T ).
If AA−1 +M = R, then there is z ∈A−1, a∈A and m∈M such that 1 = az +m. So
x = xaz + xm. Since z ∈A−1, then zA ⊆ R implies that zJ = zAT ⊆ T . So z ∈ (T : J )
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and xz ∈ x(T : J ) ⊆ T . Hence xaz ∈AT = J ⊆ I ⊆ Iw1 . On the other hand, xM ⊆
(JM)v = (AM)v ⊆ Av = At = Aw. So xm∈Aw. Then there is B∈GV (R) such that
xmB ⊆ A. So xmBT ⊆ AT = J ⊆ I and therefore xm∈ Iw1 since BT ∈GV (T ). Hence
x= xaz+ xm∈ Iw1 . So It1 = Iw1 and therefore T = (M :M)=M−1 is a TW -domain.
We recall that a domain R is said to be divisorial if each ideal of R is divisorial.
Characterizations of such domains were given by Heinzer in [11]. Our next results char-
acterize the TW -property in terms of divisoriality in the classes of Mori and Noetherian
domains.
Theorem 2.4. Let R be a Mori domain. The following conditions are equivalent:
(i) R is a TW -domain.
(ii) RM is a divisorial domain; for each t-maximal ideal M of R.
Proof. (i) ⇒ (ii): Let M be a t-maximal ideal of R and let w1; t1 and v1 denote;
respectively; the w-; t- and v-operations with respect to RM . We wish to show that
RM is a TW -domain. Let J = IRM ; where I = J ∩ R; be an ideal of RM . Since R
is a Mori domain; then there is a 5nitely generated ideal A of R such that Iv = Av.
By [16; Lemma 5.11.(1)]; (ARM )v1 = AvRM . Hence Jt1 = Jv1 = (IRM )v1 ⊆ (IvRM )v1 =
(AvRM )v1 = (ARM )v1 =AvRM = IvRM = ItRM = IwRM . Now; let x∈ Jt1 . Then #:x∈ Iw for
some #∈R\M . So there is B∈GV (R) such that #:xB ⊆ I . Since B is a f.g. ideal of R;
then (BRM )−1=B−1RM=RM . Hence BRM ∈GV (RM ). Since xBRM=#xBRM ⊆ IRM=J ;
then x∈ Jw1 . Hence Jt1 =Jw1 and therefore RM is a TW -domain. Let L be a f.g. ideal of
R such that Lv=M (since R is a Mori domain and M is a t-ideal of R). By [16; Lemma
5.11.(1)]; (LRM )v1 = LvRM . So (MRM )v1 = (LvRM )v1 = (LRM )v1 = LvRM =MRM . Hence
MRM is a v-ideal of RM . So RM ⊂ (MRM )−1. By Proposition 1.3.(1); The w-operation
on RM is trivial. Since RM is a TW -domain which is also a TV -domain; then RM is
divisorial.
(ii)⇒ (i): Let I be an ideal of R. If It = R, then Iw = R (Lemma 1.1.(2)). We may
assume that It ⊂ R. Since R is TV -domain, by [13, Theorem 1.3], the set t−Max(R; I)
of t-maximal ideals of R that contains I is 5nite. Set t−Max(R; I)={M1; : : : ; Mr}. Let
J be a f.g. ideal of R such that J ⊆ I and Jv= Iv. Let x∈ It . By [16, Lemma 5.11.(1)],
for each i∈ 1; : : : ; r, ItRMi = IvRMi = JvRMi =(JRMi)v1 = JRMi , since RMi is divisorial. So
there is #i ∈R \Mi such that #ix∈ J . Let A be the ideal of R given by A=
∑i=r
i=1 #iR.
Then xA ⊆ J . So x(A+ J ) ⊆ J ⊆ I and therefore x(A+ J )w ⊆ Iw. Now, we claim that
(A + J )w = R. If not, then (A + J )t ⊂ R. So there is a t-maximal ideal M of R such
that (A+ J )t ⊆ M . Hence It = Iv = Jv = Jt ⊆ (A+ J )t ⊆ M and therefore M =Mi for
some i∈ 1; : : : ; r. So A ⊆ (A + J )t ⊆ M =Mi, which is absurd. Hence (A + J )w = R
and therefore x∈ Iw. So It = Iw, as desired.
Corollary 2.5. Let R be a Mori domain. If R is a TW -domain; then R is a Strong
Mori domain.
Proof. Let M be a t-maximal ideal of R. By Theorem 2.2; RM is a TW -domain.
Since RM is Mori; by Theorem 2.4; RM is divisorial. So RM is Noetherian and hence
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one dimensional. It follows that each t-maximal ideal has height one; R is t-locally
Noetherian and therefore R is a Strong Mori domain.
We recall that for a Noetherian ring R and a nonzero ideal I of R, the common
length of all maximal R-sequences in I is called the grade of I and written G(I) (cf.
[15, p. 89]). Let Gr1(R) denote the set of prime ideals P of R such that G(P)=1. By
[15, Exercise 2, p. 102], Gr1(R) coincides with the set of prime non GV -ideals. We
have the following corollary:
Corollary 2.6. Let R be a Noetherian domain. The following conditions are equiva-
lent.
(i) R is a TW -domain;
(ii) RM is a divisorial domain; for each t-maximal ideal of R;
(iii) RP is a divisorial domain; for each P ∈Gr1(R).
Proof. By Theorem 2.4; it suLces to show that (i)⇔ (iii).
(i)⇒ (iii): Let P ∈Gr1(R). It is easy to see that RP is a TW -domain. Since G(PRP)=
G(P)= 1, then RP ⊂ (RP :PRP) ([15, Exercise 2, p. 102]). By Proposition 1.3.(1), the
w-operation on RP is trivial. It follows that RP is divisorial.
(iii)⇒ (i): Let I be a nonzero ideal of R. If G(I)¿ 2, then I−1 = R ([15, Exercise
2, p. 102]). Hence It = Iv = R. By Lemma 1.1.(2), Iw = R. Assume that G(I) = 1.
Then It ⊂ R. Let M1; : : : ; Mr the t-maximal ideals of R that contains I . Then for each
i∈ 1; : : : ; r, G(M) = 1. Then RMi is a divisorial domain. Now, let x∈ It = Iv. For each
Mi, IvRMi = (IRMi)v1 = IRMi . So x#i ∈ I for some #i ∈R \Mi. Let A=
∑i=r
i=1 #iR. Then
xA ⊆ I . So x(A+I) ⊆ I . As in some previous proofs, it is easy to see that (A+I)w=R.
Hence x∈ Iw and therefore It = Iw. It follows that R is a TW -domain.
Example 2.7. (1) There exists a TW -domain which is not a TV -domain. Indeed; Let k
be a 5eld and X and Y indeterminates over k. Set V = k(X )[[Y ]] = k(X ) +M; where
M = YV and R= k[X ] +M . Since R is a PrNufer domain; then R is a TW -domain. Let
I be the ideal of R given by I = Y (k[X ](X ) +M). It is easy to see that I
−1 = V . So
It = I ⊂ M = Iv. Hence R is not a TV -domain.
(2) A TV -domain which is not a TW -domain. Let R be a PVD which is not a
valuation domain. By [13, Proposition 4.3], R is a TV -domain. However, R is not
necessarily a TW -domain by Corollary 3.5 below.
(3) A Strong Mori domain which is a TW -domain need not be divisorial. It suLces
to consider the Krull domain R=k[X ], where X is a set of in5nite indeterminates over
the 5eld k.
3. Pullbacks
In this section we examine the possible transfer of the “TW -domain” and “Strong
Mori” properties to pullbacks, in order to provide some original examples. Namely, we
give an answer to one problem cited in the list of one hundred problems by Chapman
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and Glaz (See [4, Problem 15, p. 461]), by constructing an example of a Strong Mori
domain that is neither Noetherian nor Krull. Also, we give example of Strongly Mori
domains which is not Strong Mori.
To avoid unnecessary repetition, let us 5x notation for the rest of this section. Data
will consist of a pullback of canonical homomorphisms
R → D
↓ ↓
T → K;
where T is an integral domain, M is a maximal ideal of T , K = T=M , ’ :T → K is
the natural projection, D is a proper subring of K , and R = ’−1(D). We explicitly
assume that R ⊂ T and we shall refer to this as a diagram of type (). The case
where T = V is a valuation domain of the form K +M , where K is a 5eld and M is
the maximal ideal of V is of particular interest. We shall refer to this as the classical
D +M construction.
Before we announce the main results of this section, we 5rst establish the following
preparatory lemmas:
Lemma 3.1. For the diagram(); let J be a nonzero (fractional) ideal of D and let
I = ’−1(J ). Then Iw = ’−1(Jw).
Proof. Let x∈ Iw. Then there is A∈GV (R) such that xA ⊆ I . Since A−1 = R and
R ⊂ T ⊆ M−1; then A* M . Set B= ’(A). Then B is a 5nitely generated ideal of D.
Since A ⊆ ’−1(B); then R ⊆ (’−1(B))−1 ⊆ A−1 = R. So R= (’−1(B))−1 =’−1(B−1)
([12; Proposition 6]). Then D = ’(R) = B−1 and therefore B∈GV (D). Now; since
xA ⊆ I ; then ’(x)B ⊆ J . So ’(x)∈ Jw. Hence x∈’−1(Jw) and therefore Iw ⊆ ’−1(Jw).
Conversely; let x∈’−1(Jw). Then ’(x)B ⊆ J for some B∈GV (D). Set A = ’−1(B).
By [12; Proposition 6]; it is easy to see that A∈GV (R). Since ’(xA) = ’(x)B ⊆ J ;
then xA ⊆ ’−1(J ) = I . Hence x∈ Iw and therefore Iw = ’−1(Jw).
Lemma 3.2. For the diagram(); assume that D= k is a /eld. If R is a TW -domain;
then [K : k] = 2 and M−1 = T .
Proof. Assume that R is a TW -domain. Let (∈K \ k and x∈T such that ’(x) = (.
Let I be the 5nitely generated ideal of R given by I =mR+ xmR for some 0 =m∈M .
Set W = k + (k. Then it is easy to see that I = m’−1(W ). Since (k :W ) = (0); then
I−1 = m−1M . So Iw = It = Iv = mM−1. Now; we claim that Iw = I . Indeed; let z ∈ Iw.
Then zA ⊆ I for some A∈GV (R). Since A−1 =R ⊂ T ⊆ M−1; then A* M . Since M
is a maximal ideal of R; then A+M = R. Write 1 = a+ b for some a∈A and b∈M .
Then z = za + zb. Since za∈ zA ⊆ I and zb∈ IwM = mM−1M = mM ⊆ I ; then z ∈ I .
Hence mM−1 = Iw = I =m’−1(W ). So M−1 =’−1(W ). Since T ⊆ M−1 =’−1(W ) ⊆
’−1(K) = T ; then T =M−1 = ’−1(W ) = ’−1(K). So K =W = k + (k and therefore
[K : k] = 2.
Lemma 3.3. For the diagram(); T is always a w-overring of R.
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Proof. Since (R :T ) = M; T is a fractional overring of R. Let x∈Tw. Then there is
A∈GV (R) such that xA ⊆ T . So M = (R :T ) ⊆ (R : xA) = x−1R. Hence xM ⊆ R. So
x∈M−1 = (M :M). If AT = T ; then xA ⊆ R implies that xT = xAT ⊆ T . So x∈T ;
as desired. Assume that AT ⊂ T . Since A−1 = R and R ⊂ T ⊆ (M :M) =M−1; then
A* M . So AT +M =T . Then 1=a+m for some a∈AT and m∈M . So x= xa+ xm.
since x∈M−1; then xm∈R. On the other hand xA ⊆ R implies that xAT ⊆ T . So
xa∈T . Hence x∈T and therefore Tw = T .
We recall that a domain is said to be an fgv-domain if each 5nitely generated ideal is
divisorial (i.e. the t-operation on R is trivial). Clearly, an fgv-domain is a TW -domain.
However, the converse is not true.
Theorem 3.4. For the diagram(); assume that T is local and D = k is a /eld. The
following conditions are equivalent:
(i) R is a TW -domain;
(ii) R is an fgv-domain;
(iii) T is an fgv-domain; M−1 = T ; [K : k] = 2; and each /nitely generated ideal J of
R with JT nonprincipal in T ; is an ideal of T .
Proof. (i) ⇒ (ii): Since R is local with maximal ideal M and R ⊂ T ⊆ M−1; by
Proposition 1.3.(1); the w-operation on R is trivial. Hence; for each ideal I of R;
It = Iw = I and therefore R is an fgv-domain.
(ii)⇒ (i): Trivial.
(ii) ⇒ (iii): By Lemma 3.2, M−1 = T and [K : k] = 2. So T is a 5nitely generated
R-module. Let J be a 5nitely generated ideal of T and x∈ Jv1 . Then x(T : J ) ⊆ T . Now,
if J (T : J ) = T , then J is a v-ideal of T , and so x∈ J . Assume that J (T : J ) ⊂ T .
Then J (T : J ) ⊆ M . So (T : J )= (M : J ) and (R : J ) ⊆ (T : J )= (M : J ) ⊆ (R : J ). Then
(R : J ) = (T : J ). Now, x(T : J ) ⊆ T implies that either x(T : J ) ⊆ M or x(T : J ) = T .
Suppose that x(R : J ) = x(T : J ) = T , then (R : J ) = x−1T = (xM)−1. So J = Jv = xM .
Hence M = x−1J is a 5nitely generated ideal of both R and T . If M (T :M) ⊂ T , then
M (T :M) = M . So (R :M 2) = ((R :M) :M) = (T :M) = (M :M) = M−1 = T . Hence
M 2 = (M 2)v = M , which is absurd by [15, Theorem 76]. Then M (T :M) = T . So
M =mT and therefore J = xM = xmT , which is absurd. Hence x(R : J )= x(T : J ) ⊆ M .
So x∈ Jv= J , since J is a 5nitely generated ideal of R and R is an fgv-domain. Hence
Jv1 = J and therefore T is an fgv-domain.
Now, let I be a 5nitely generated ideal of R such that IT is not principal in T . Since
T is an fgv-domain, then (IT )v1 = IT . By [9, Proposition 2.7(b)], Iv = IvT = (IvT )v1 =
(IT )v1 = IT . Since R is an fgv-domain, then I= Iv= IT and therefore I is an ideal of T .
(iii)⇒ (ii): Let J be a 5nitely generated ideal of R and x∈ Jv. For each z ∈ (T : JT ),
zJT ⊆ T implies that zJM ⊆ M . So zM ⊆ (M : J ) ⊆ J−1. Then xzM ⊆ xJ−1 ⊆ R.
So xz ∈M−1 = T . Hence x(T : JT ) ⊆ T and therefore Jv ⊆ (JT )v1 . Now, If JT is not
principal in T , by (iii), J is an ideal of T . So J ⊆ Jv ⊆ (JT )v1 = Jv1 = J , since T is
an fgv-domain and J = JT is a f.g. ideal of T . Hence J = Jv, as desired. Assume that
JT is principal in T and set JT = aT . Since T is local, we may assume that a∈ J . Let
W = {(∈K=xa∈ J whenever x∈T and ’(x) = (}. Then it is easy to see that W is a
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k-vector space, k ⊆ W ⊆ K , and J = a’−1(W ). Since [K : k]=2, then either W = k or
W = K . If W = K , then J = aT , in which case Jv = (aT )v = J . If W = k, then J = aR
and, again, J = Jv. It follows that R is an fgv-domain.
Corollary 3.5. Let R be a PVD (pseudo-valuation domain); V its associated valuation
overring and M its maximal ideal. The following conditions are equivalent:
(i) R is a TW -domain;
(ii) R is an fgv-domain;
(iii) [V=M :R=M ] = 2;
(iv) R is divisorial.
Theorem 3.6. For the diagram(); if R is a TW -domain then either:
(a) D is a TW -domain and qf(D) = K ; or
(b) D = k is a /eld and [K : k] = 2.
Moreover, if T is local, then it is a TW -domain.
Proof. Assume that R is a TW -domain and D is not a 5eld. Set k = qf(D) and
suppose that k ⊂ K . Let (∈K \ k and set ( = ’(x); for some x∈T \ R. Let I be
the 5nitely generated ideal of R given by I = mR + xmR for some nonzero m∈M .
Then I−1 =m−1R∩ (mx)−1R. Let f∈ I−1. Write f=m−1f1 =(mx)−1f2; for some f1;
f2 ∈R. Then xf1=f2. So (’(f1)=’(x)’(f1)=’(xf1)=’(f2). Since f1; f2 ∈R; then
’(f1); ’(f2)∈D. So; if ’(f1) =0; then (=’(f2)=’(f1)∈ k; which is absurd. Hence
’(f1) = 0. So f1 ∈M and therefore f∈m−1M . Hence I−1 ⊆ m−1M . Conversely;
m−1MI = M + xM ⊆ M ⊆ R. Then m−1M ⊆ I−1 and therefore I−1 = m−1M . So
mT ⊆ mM−1 = Iv = It = Iw. Then; for each z ∈T ; there is Az ∈GV (R) such that
mzAz ⊆ I = m(R + xR). So zAz ⊆ R + xR. Now; we wish to prove that K = D + (D.
Let *∈K and y∈T with * = ’(y). Then yAy ⊆ R + xR. Since Ay ∈GV (R); then
(Ay)−1 = R ⊂ T ⊆ M−1. So Ay * M . Set B = ’(Ay). Clearly B is a nonzero 5nitely
generated ideal of D. Write B=
∑i=r
i=1 biD. Since yAy ⊆ R+ xR; then *B= ’(yAy) ⊆
’(R+ xR) = D + (D. Then for each i∈{1; : : : ; r}; *bi = *i + (,i; for some *i; ,i ∈D.
So * = *i=bi + (,i=bi. Now; since Ay ⊆ ’−1(B); then R ⊆ (’−1(B))−1 ⊆ (Ay)−1 = R.
So; by [12; Proposition 6]; ’−1(B−1)= (’−1(B))−1 =R. Hence B−1 =D and therefore
B∈GV (D). Now; for each i; j∈{1; : : : ; r}; *i=bi + (,i=bi = * = *j=bj + (,j=bj implies
that *i=bi−*j=bj=((,j=bj−,i=bi). Since ( ∈ k; then *i=bi−*j=bj=0 and ,j=bj−,i=bi=0.
So *i=bi = *j=bj and ,j=bj = ,i=bi. Hence; for each i; j∈{1; : : : ; r}; *i=bi ∈ (1=bj)D and
,i=bi ∈ (1=bj)D. So *i=bi ∈
⋂j=r
j=1(1=bj)D = (D :B) = D; and ,i=bi ∈
⋂j=r
j=1((1=bj)D) = D.
So *= *i=bi + (,i=bi ∈D + (D. Hence K ⊆ D + (D and therefore K = D + (D. Now;
let #∈ k \D. Write #= *=, for some nonzero * and , in D. Then *=,= #= d1 + (d2
for some d1; d2 ∈D. So *− d1,= (,d2. Since ( ∈ k; then d2,= 0. So d2 = 0. Hence
# = d1 ∈D; which is a contradiction. It follows that qf(D) = K .
Now, by Lemma 3.1, it is easy to see that D is a TW -domain and if D = k is a
5eld, by Lemma 3.2, [K : k] = 2, and M−1 = T .
Assume that T is local. We wish to prove that T is a TW -domain. If D = k is
a 5eld, then, by Theorem 3.4, T is an fgv-domain, and so a TW -domain. We may
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assume that D is not a 5eld and qf(D) = K . Let I be a nonzero ideal of T and
let x∈ It1 . Then there is a 5nitely generated ideal J of T such that x∈ Jv1 , that is,
x(T : J ) ⊆ T .
If J (T : J ) = T , then J is a divisorail ideal of T . So x∈ J ⊆ I ⊆ Iw1 .
Assume that J (T : J ) ⊂ T . Since T is local, then J (T : J ) ⊆ M . So (T : J )= (M : J ).
Set J =
∑i=r
i=1 aiT and A =
∑i=r
i=1 aiR. Then (R :A) ⊆ (T :AT ) = (T : J ) = (M : J ) ⊆
(M :A) ⊆ (R :A). So A−1 = (T : J ) = (M : J ) = (M :A). Since x(T : J ) ⊆ T and T is
local, then either xA−1 = x(T : J ) ⊆ M , or xA−1 = x(T : J ) = T .
If xA−1 ⊆ M , then x∈Av=At =Aw. So there is B∈GV (R) such that xB ⊆ A. Since
B−1 =R ⊂ T ⊆ M−1, then B* M . So BT =T . Hence xT = xBT ⊆ AT = J ⊆ I ⊆ Iw1 ,
as desired.
Assume that xA−1 = T . Then A−1 = x−1T and therefore Av = xM . So M = (x−1A)v.
Hence M is v-5nite in R. By [9, Proposition 2.12], M is not invertible in T . So
M (T :M) =M and (T :M) = (M :M) =M−1. Now, x−1T = A−1 = (Av)−1 = x−1M−1
implies that M−1 = T . So (T :M) = T and therefore M is not a divisorial ideal of T .
By [9, Proposition 2.12], M is not a t-ideal of T . Then Mw1 =Mt1 = T . On the other
hand, Aw = At = Av = xM implies that for each m∈M , there is Bm ∈GV (R) such that
xmBm ⊆ A. Since (Bm)−1 = R, then Bm * M . So BmT = T . Then xmT = xmBmT ⊆
AT = J . Hence xM ⊆ J and therefore xT = (xM)w1 ⊆ Jw1 ⊆ Iw1 , as desired. It follows
that T is a TW -domain.
The converse of the above theorem is not true even if T is local as is shown by the
following example.
Example 3.7. Let Q be the 5eld of rational numbers and X an indeterminate over
Q. Set T = Q(
√
2) + XQ(
√
2;
√
3)[[X ]] = Q(
√
2) +M . By Corollary 3.5; T is a TW -
domain (in fact; T is a PVD with associated valuation overring V = Q(
√
2;√
3)[[X ]]).
(1) Let R1=Z[
√
2]+M , where Z is the ring of integers. Then Z[
√
2] is a TW -domain
(since it is a Dedekind domain) and qf(Z[
√
2]) = Q(
√
2). However, R1 is not a
TW -domain. Indeed, it is easy to see that the 5nitely generated ideal I =XR1 +X
√
3R1
is such that It = Iv =M . Now, since each maximal ideal of R1 is of the form P +M ,
where P is a maximal ideal of Z[
√
2] that is invertible, then R1 ⊂ (P+M)−1 =P−1 +
M . By Proposition 1.3.(1), the w-operation on R1 is trivial. Hence Iw = I ⊂ M =
It = Iv.
(2) Let R2 = Q +M . Also, by Corollary 3.5, R2 is not a TW -domain even though
[Q(
√
2) :Q] = 2.
The following corollary shows that the converse of Theorem 3.6 is true in the case
of classical “D +M” constructions:
Corollary 3.8. In the classical “D+M” construction; R is a TW -domain if and only
if either:
(a) D is a TW -domain and qf(D) = K; or
(b) D = k is a /eld and [K : k] = 2.
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Proof. (⇒) Follows from Theorem 3.6; and part (b) of (⇐) follows from Corollary
3.5. It suLces to examine the case where D is a TW -domain and qf(D) = K . Let
I be a nonzero ideal of R and x∈ It . Then there is a f.g. ideal J of R such that
J ⊆ I and x∈ Jv. If M ⊂ J ; then J = B +M for some f.g. ideal B of D. In this case
x∈ Jv = Bv +M = Bt +M = Bw +M = Jw ⊆ Iw; as desired. So we may assume that
J ⊆ M . Now; if J is an ideal of V ; then J=aV for some a∈ J . Then Jv=(R : (R : J ))=
(R : a−1M)=aV =J . So x∈ J ⊆ I ⊆ Iw. If J is not an ideal of V ; then by [3; Theorem
2.1.(k)]; J = m(W + M) for some f.g. D-module W of K with D ⊆ W ⊂ K and a
nonzero m∈M . Since W is a f.g. fractional ideal of D and D is a TW -domain; then
Wv =Wt =Ww. By Lemma 3.1; Jv = Jt = Jw and therefore x∈ Iw; as desired. It follows
that R is a TW -domain.
Corollary 3.9. For the diagram(); assume that T is a Dedekind domain and D= k
is a /eld. Then R is a TW -domain if and only if [K : k] = 2.
Proof. (⇒) Follows from Lemma 3.2.
(⇐) By [9, Theorem 3.5], R is v-coherent. So, by Theorem 2.2, it suLces to show
that RN is a TW -domain for each t-maximal ideal N of R. Let N be a t-maximal ideal
of R. If N =M , then let Q be the unique prime ideal of T such that Q∩R=N . Since
RN =TQ is a valuation domain, then RN is a TW -domain. If M =N , then consider the
following diagram:
RM → k
↓ ↓
TM → K:
Now, by Corollary 3.5, RM is a TW -domain and therefore R is a TW -domain.
Corollary 3.10. Let K be a /eld; X an indeterminate over K and D a domain con-
tained in K . Set R= D + XK[X ]. Then R is a TW -domain if and only if one of the
following conditions holds:
(a) D is a TW -domain and qf(D) = K .
(b) D = k is a /eld and [K : k] = 2.
Proof. (⇒) Follows from Theorem 3.6.
(⇐) If (a) holds, the result follows form Lemma 3.1, since it is well known that
each 5nitely generated ideal I of R = D + XK[X ] with qf(D) = K is of the form
I = f(X )JR(=f(X )(J + XK[X ])) where J is a f.g. ideal of D.
If (b) holds, the result follows from Corollary 3.9 (T = K[X ]).
Now, we examine the transfer of the Strong Mori notion to pullbacks.
Theorem 3.11. For the diagram(); R is a Strong Mori domain if and only if
T is a Strong Mori domain; TM is Noetherian; D = k is a /eld; and [K : k] is
/nite.
A. Mimouni / Journal of Pure and Applied Algebra 177 (2003) 79–93 91
Proof. (⇒) Since R is a Mori domain; by [9; Theorem 4.18]; D = k is a 5eld. Now;
consider the following diagram:
RM → k
↓ ↓
TM → K:
Since M is a v-ideal of R ([12; Corollary 5]); then RM is a Noetherian domain ([7;
Theorem 1.9]). By [9; Theorem 4.12]; TM is Noetherian and [K : k] is 5nite. Now; by
Remark 1.6 (1); and Lemma 3.3; T is a Strong Mori domain.
(⇐) Step1. Let Q be a w-maximal ideal of R such that Q * M . Suppose that
(QT )w1 = T , where w1 is the w-operation with respect to T . Then there is J ∈GV (T )
such that J ⊆ QT . Write J =∑i=ri=1 biT . Then for each i∈ 1; : : : ; r, bi =
∑j=ri
j=1 *ijaij
for some *ij ∈T and aij ∈Q. Let I be the 5nitely generated ideal of R generated by
all aij. Then I ⊆ Q and J ⊆ IT . Since I−1 = (R : I) ⊆ (T : IT ) ⊆ (T : J ) = T , then
M = (R :T ) ⊆ Iv. Since M is a maximal ideal of R, then either M = Iv or Iv = R. If
Iv = R, then I−1 = R. So I ∈GV (R). Since I ⊆ Q, then 1∈Qw = Q, which is absurd.
If M = Iv, then M = It ⊆ Qt = Q, also a contradiction. Hence (QT )w ⊂ T . Since w is
a ∗-operation of 5nite character, then (QT )w ⊆ N for some w-maximal ideal N of T .
By Lemma 3.3, T is a w-overring of R. So N ∩ R is a w-ideal of R ([7, Lemma 3.1
(2)]). By w-maximality of Q, Q=N ∩ R. We note that N is unique (it is well known
that in a such diagram, if Q is a prime ideal of R which is not contained in M , there
is a unique prime ideal N of T such that N ∩ R= Q).
Now, let Q be a w-maximal ideal of R. If Q=M , then RM is Noetherian since TM
is Noetherian and [K : k] is 5nite ([9, Theorem 4.12]). If Q * M , by the step1, there
is a unique w-maximal ideal N of T such that N ∩R=Q. So RQ =TN is a Noetherian
domain since T is a Strong Mori domain ([7, Theorem 1.9]). Now, Let {Q*}*∈0 be
the set of w-maximal ideals of R that contain x. If 0 is in5nite, then Q* * M for
in5nitely many *∈0. By step1, x is contained in in5nitely many w-maximal ideals
N* of T , which is absurd since T is a Strong Mori domain. Hence 0 is 5nite and
therefore R is a Strong Mori domain.
Corollary 3.12. For the diagram(); assume that T is local with maximal ideal M .
Then R is a Strong Mori domain if and only if R is Noetherian.
Proof. By Theorem 3.11; D = k is a 5eld. Since T is local; then R is local with
maximal ideal M . Since R ⊂ T ⊆ M−1; by Proposition 1.3.(1); the w-operation on R
is trivial. Hence R is Noetherian.
(Alternately, by Theorem 3.11, T = TM is Noetherian, D = k and [K : k] is 5nite.
Hence R is Noetherian ([9, Theorem 4.12])).
Corollary 3.13. Let K be a /eld; X an indeterminate over K; D a subring of K; and
R= D + XK[X ]. The following conditions are equivalent:
(i) R is a Strong Mori domain;
(ii) D = k is a /eld and [K : k] is /nite;
(iii) R is Noetherian.
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Corollary 3.14. Let (R;M) be a PVD (i.e.; pseudo-valuation domain) arising from a
valuation domain V . The following conditions are equivalents:
(i) R is a Strong Mori domain;
(ii) V is a DVR and [V=M :R=M ] is /nite;
(iii) R is Noetherian.
Proof. Follows from Theorem 3.11 and [1; Proposition 2.6] (Or; since R is local with
maximal ideal M and R ⊂ V =M−1; by Proposition 1.3.(1); the w-operation on R is
trivial).
Example 3.15. (1) Let k be a 5eld and let X and Y be indeterminates over k. Set
R = k + Yk(X )[[Y ]]. Then R is a local Strongly Mori domain which is not a Strong
Mori domain.
(2) The domain R= k[X; Y ] is a Strong Mori domain which is not a Strongly Mori
domain.
(3) Let T be a Krull domain which is not Noetherian and which has a maximal
ideal M such that TM is Noetherian. Let K = T=M and k be a sub5eld of K such that
[K : k] is 5nite (For such domains, see [8, p. 32 or p. 65]). Now, we consider the
domain R arising from the diagram
R → k
↓ ↓
T → T=M:
By Theorem 3.11, R is a Strong Mori domain which is neither Noetherian nor Krull.
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